It is shown that the free motion of any three-dimensional rigid body colliding elastically between two parallel, at walls is equivalent to a threedimensional billiard system. Depending upon the inertial parameters of the problem, the billiard system may possess a potential energy eld and a nonEuclidean con guration space. The corresponding curvilinear motion of the billiard ball does not necessarily lead to a decrease of the stable periodic orbits found in the analogous rectilinear system.
I. INTRODUCTION
The traditional billiard problem of a point particle moving in a rectilinear manner and undergoing specular re ections at boundary walls has proved to be a lucid example of a Hamiltonian dynamical system exhibiting both integrable and chaotic motion 1{3]. Yet, billiards as dynamical systems rst came to attention when it was shown by Hadamard that negative curvature billiards, i.e., the study of geodesics on manifolds of strictly negative curvature (hyperbolic manifolds), provide a rich illustration of dynamical systems with dense stochastic trajectories. Clearly then, billiards with non-rectilinear motion are of some interest to the study of chaos. Such systems can be created by non-Euclidean con guration manifolds as above or by the introduction of some interacting potential eld. Systems of this type have been considered before (i.e., gravitational billiards, Aharonov-Bohm billiards) but their construction have been somewhat ad hoc.
In this paper, we present a systematic procedure for constructing a broad class of physically realizable curvilinear billiard systems. We begin with the demonstration that the motion of a freely moving three-dimensional rigid body making elastic collisions between two at in nite parallel walls can, in general, be mapped to a three-dimensional non-rectilinear billiard system in which the corresponding point particle moves in a potential energy eld and makes specular re ections at two suitable curved parallel walls (i.e., two-dimensional manifolds). While the shape of these walls is determined solely by the geometric shape of the rigid body, the potential eld and the geodesic nature of the con guration space are determined by the inertial properties (inertia tensor) of the rigid body. This strict separation between inertial and geometric properties will be used in constructing certain useful comparisons to two-dimensional billiards. The equivalence of rigid body motion with billiards was rst demonstrated for two-dimensional motion in a previous paper 4]. There, all billiards were Euclidean in nature. It was noted, however, that since the motion of a rigid body in three (and higher) dimensions is associated with a non-commutative group, a new type of billiard motion was to be expected, which is certainly the case according to the statements above.
Let us now outline the contents of this paper. We begin in section II with a brief review of the elementary problem of a one-dimensional stick moving in two dimensions and then extend these results to three dimensions. As we shall see, this additional degree of freedom leads to an interacting billiard system on a at manifold. Section III considers the motion of free billiards on certain curved manifolds constructed to describe the motion of cubical rigid bodies. After these two illustrative examples, we demonstrate in section IV that the general system of any freely moving rigid body leads to a billiard problem which combines the two phenomena found in the stick and cube problems (i.e., interacting potential elds and curved manifolds). Most of these features will be illustrated in section V when we consider the motion of an ellipsoid with the mass distribution of a stick, a problem chosen because of its clear separation between geometric and inertial properties. This example is well-suited for a comparison of the resulting motion with its known two-dimensional analogue. Finally, a number of conclusions and directions for future study will be discussed in section VI.
II. STICKS AND INTERACTING BILLIARDS
We begin by considering the case of a one-dimensional stick of total mass M which is composed of two equal point masses separated by a rigid rod of length 2`and which makes elastic collisions between two at parallel walls separated by a distance h. Let us recall some results from 4] for the case when the stick moves in two dimensions. The coordinates of the stick will be z, the height of its center of mass above the lower wall, and the angle of rotation from the vertical. Scaling z with the radius of gyration, , as = z= , the energy of the stick becomes
The distance of closest approach of the center of mass to the plane is min = (`= )j cos( )j so that this point moves between boundaries at the bottom, b( ), and the top, t( ), with b( ) =` j cos( )j; t( ) = 1 (h ?`j cos( )j) : (2) A collision between stick and wall is described by
The impulse can be eliminated to obtain a relation between _ and _ , and conservation of energy can be used to show that
Proof that the re ection is specular follows immediately and is given in 4]. Here, we merely note that, given the form of the energy (1), this system clearly describes a free particle. Now, we want to allow the stick to move in three dimensions and make elastic collisions with two at walls which are the planes z = 0 and z = h. We orient the stick using the usual polar angles, and . The corresponding energy can be written as
and the angular momentum of the stick by
This problem initially appears to be ve-dimensional. However, it is clear that the x and y motion of the center of mass of the stick are trivial and can be ignored. It is also clear that the force-free motion of the stick does not result in and being linear functions of time except for geometrical accidents. Now consider a collision with the wall which imparts some impulse, f , in the z-direction.
There is a corresponding change in the angular momenta:
As a consequence of the third of these equations, we see that
Using this fact, the equations for L x and L y , and the equations for L x and L y , we nd that
Finally, we can use the fact that the collision is strictly elastic and equate kinetic energies before and after the collision. This leads us to a quadratic equation with a trivial solution _ z = 0 and a non-trivial solution of
We are now in a position to draw all desired conclusions about this special problem. Since _ does not change during the collisions, the coordinate is quite passive. It serves only to \complicate" the motion in . Equation (11) is identical to what was found in the above two-dimensional problem. There is no -dependence in this equation. Furthermore, there can be no -dependence in the wall function. 1 The wall function is also exactly what we had in the two-dimensional case. Thus, with the scaling of variables described previously, we again nd that we have specular re ection in the (` ; z) plane for every collision. This apparently three-dimensional problem is really a two-dimensional problem in the (` ; z) plane. The only di erence is that, as a consequence of the more complicated equations of motion, the trajectories between consecutive wall hits are no longer straight lines. Although the time-dependence of is not linear, it is not complicated. We simply consider the free motion in a rotated coordinate system such that the angular momentum vector lies along the z 0 -axis. In this frame the angular velocity ! z 0 will be a constant. It is then easy to transform back to the original z-coordinates.
The energy (5) can be rewritten as
Since all reference to has disappeared, this is the total energy of the billiard ball in the reduced (` ; z) plane. The third term, L 2 z =2M`2 sin 2 , can be interpreted as the potential energy for the two-dimensional billiard system. This explains the non-linear time dependence of the variable. Thus, a one-dimensional stick bouncing elastically between two at walls is equivalent to an interacting billiard problem (with suitable walls) on a at two-dimensional manifold (with a speci c form of the interacting eld).
III. CUBES AND CURVILINEAR BILLIARDS
Another speci c example will be su cient to point the way to the general problem. Consider a cube of total mass M and sides 2a composed of 8 identical point masses at the corners joined by rigid rods. (We have now proceeded from tossing coins to rolling dice.) Start by aligning the cube with its corners at ( a; a; a). 2 Now consider the most general angular orientation of the cube by performing the rotations,
where all the rotations are about the laboratory-xed axes, and the R's are the usual 3 3 orthogonal rotation matrices (see equation (67) in the Appendix for an explicit representation of R( )). It is straightforward to construct the rotational kinetic energy as
The sum is over the point masses and allows us to recover the moment of inertia tensor in the general case. (We could have done this for the stick. If we had, the rst rotation would have had no e ect. We would have obtained the results above with some sign changes on the angles.) For the speci c case of the cube we nd
It is equally easy to generate the angular momentum components as 
and z=a = sin (cos + sin ) + cos : (20) We can now repeat the manipulations from the example of the stick to study the nature of the present collision. Equation (7) 
We can impose the condition of conservation of energy under the collision and eliminate _ from the expression for L z in (17). This gives a 2 (2 _ _ + _ 2 ) sin 2
Finally, using (22) and (23) 
It is interesting to note that all reference to has disappeared. Neither does this angle play any role in the wall function. This represents a genuine reduction of the dimensionality of the problem. At this point, we have obtained all available information. What remains is to see if there is a natural way to interpret these results in order to recover specular re ection. With this in mind, it is useful to write the kinetic energy of equation (15) 
Evidently, L z is not changed by an elastic collisions with the wall in the xy-plane. It is apparent that it is useful to introduce a metric g ab in the z subspace with non-zero elements g = sin 2 , g = 1, and g zz = 1. With the introduction of the velocity vector v = ( _ ; _ ; _ z= p 2a) ; (27) we can write the total energy of the billiard system,
in a manner which emphasizes the non-Euclidean nature of the con guration space ( ; ; z= p 2a). This metric will be included in all subsequent scalar product operations. It is important to note that this metric is determined by the inertial tensor and is independent of the shape of the body. The fact that the ? components of the metric g ab correspond to the surface of a sphere in the present example is a consequence of the equality of the three principal moments of inertia of a cube. In general, we would expect an ellipsoid. Thus, our billiard space is curved.
In order to address the question of specular re ection, we de ne the wall function using equation ( 
The normal to the wall at each point, N, must be orthogonal to these two tangent vectors so that we have N S = 0 and N S = 0 where the metric, g ab , must be included in forming the scalar product. This leads to N = (?b = sin 2 ; ?b ; 1) :
The nal ingredient required for the demonstration of specular re ection is the vector describing the change of the velocity due to the collision:
where we know _ , _ , and _ z are all known from equations (22) 
Equations (22), (23), and (25) reveal that the re ection is specular provided that the metric is included in the scalar product.
It is useful to look at the structure of this argument in a slightly di erent way. Conservation of energy leads to the condition a 2 
The third of equations (35) 
we nd that
The substitution of (40) into the normal constraint (37) leads imediately to (36) which came from the requirement of conservation of energy. Thus, by imposing conservation of energy in the billiard space and verifying that the tangential conditions hold, the normal constraint is automatically satist ed. This is of practical value since it is no longer necessary to solve for _ z explicitly in terms of _ and _ . That the present billiard manifold is an orthogonal system (i.e., the metric tensor is diagonal) and that it posseses a trivial potential (i.e., free motion) is due to the fact that all principal moments of inertia are equal in this special case. As we will see in section IV, the most general metric will contain o -diagonal elements, and the potential will be more complicated. However, much of the above does generalize to arbitrary shapes. The wall function will always be indpendent of . Collisions with xy-planes cannot change L z , so that it is always possible to eliminate all reference to in the analogues of equations (25) and (26). Thus, will again be a neglectable coordinate. We will nd a non-trivial, ellipsoidal metric in the coordinates and . As is the case here, the details of this metric will depend only on the inertial tensor of the system. Also, the wall function will be determined solely by the shape of the body, independent of the mass distribution and the generalized metric.
IV. GENERAL RIGID BODIES
The extension of the results of the preceding section to the case of arbitrary rigid bodies is straight-forward. Here, we shall describe the general approach. Details are given in the Appendix. It is elementary to determine the point of contact for any ( , , ). One starts with the body oriented so that the body-xed x, y, and z-axes coincide with the laboratory axes. Label a point on the surface of the body by the usual polar angles and and specify the associated radius, R( ; ). Apply R( ; ; ) to this vector. The condition that this point should be a point of contact is that the (inward) normal to the surface should point in the (laboratory) +z direction. This de nes the wall function in terms of R( ; ), independent of the metric. As in the two-dimensional case, the various derivatives of R which enter into the proof of specular re ection through the analogue of (35) can be eliminated by the condition that the surface should be tangent to the plane at the point of contact.
The metric tensor, g ab , can be read from the form of the energy once the angle has been eliminated using relations analogous to (17) 
(An implicit factor of 2 has been included in the de nition of g since g = g ). When I x = I y , this tensor becomes diagonal (i.e., the coordinate system becomes orthogonal). As expected, we are obtain a potential energy term, (L 2 z =2D( ; )), which depends only on the relative magnitude of the principal moments of inertia. In the completely symmetric case of I x = I y = I z , D( ; ) is a constant and the motion is free. The construction of the billiard geometry and the proof of specular re ection can be found in the Appendix.
V. ELLIPSOIDS
Since the results of the previous section and the Appendix are somewhat complicated, we consider the speci c example of an ellipsoid of revolution whose surface is given by (1 + )(x 1 2 + x 2 2 ) + x 3 3 = 1:
It is useful to parametrize the coordinates as 
We have deliberately chosen an ellipsoid (45) in order to have R( ; ) independent of . It is our intention to consider a three-dimensional billiard system with strong similarities to the two-dimensional systems studied previously. The present choice will enable us to make a ; (53) which is the exact result found for the ( at) ellipse in 4]. This is not surprising since the symmetrical rigid body under consideration is a surface of revolution. We also note that the corresponding billiard system has a two-dimensional con guration space (i.e. an appropriately scaled ( ; z) subspace) because of this symmetry. As was mentioned before and demonstrated above, the shape of the walls for the equivalent billiard problem is determined solely by the geometrical properties of the rigid body. In order to determine the trajectories of our billiard we must specify its inertial properties. We choose to endow this ellipsoid with the inertia tensor of the one-dimensional stick of section II. That is, the mass is concentrated along the symmetry axis of the ellipsoid. Thus, the energy of the billiard problem will be given by equation (12) (53) is not that of the stick given in (2) . For this problem, the center of mass moves in a non-zero potential (if L z is non-zero) but with a at metric and, as always, with specular re ection at every collision.
An example is shown in Fig.1 for an ellipsoid with = 0:5 and h = 2. In this case, the major axis of the ellipsoid is equal to the wall separation as indicated by the fact that the upper and lower walls touch at = 0 and . The ellipsoid does not have su cient room to \turn around ". In spite of this fact, the motion of the analogous two-dimensional system is very rich displaying periodic orbits, resonance islands, and chaotic regions. A sample trajectory of the point particle is shown in Fig.1 for (L 2 z =M 2 l 4 ) = 1. (Note that we have adopted di erent horizontal and vertical scales in the interest of visibility. This makes it di cult to recognize specular re ection.) For purposes of comparison, the same trajectory is followed in Fig.2 for L z = 0. The results of this gure are identical to those of the analogous rectilinear problem of an ellipse moving in a plane studied in 4]. In spite of the strong physical similarities between these problems, there are two qualitative distinctions of interest. As indicated by (54), the motion is not rectilinear when L z is non-zero. This is apparent in Fig.1 . Further, we see from (12) that there must be turning points in the motion. (Between collisions, _ z is constant. Evidently, _ must decrease in magnitude and ultimately change sign as approaches 0 or .)
Figs.3 and 4 provide a more complete summary of the motion for these two systems. At each collision with the walls, we plot the angular orientation of the body and the angle of incidence (measured relative to the normal at the point of contact). The investigation here has been rather cursory with the inclusion of only 10 3 points. Again, plots with a content similar to Fig.4 have been considered in 4] . Although the gure is somewhat crude, there is clear evidence of the elliptic xed point, periodic orbits, resonance islands, and chaotic regions. The results of Fig.3 are remarkably similar given the qualitative di erences in the individual trajectories suggested in Fig.1 . The only qualitative di erence of note is the overall compression of the rgure as a consequence of the existence of turning points in the case of L z 6 = 0. The survey of Fig.3 does not reveal resonance islands; this is probably due to the roughness of the exploration.
VI. CONCLUSIONS
This paper has continued the demonstration, initiated in 4], of the equivalence of a class of problems in rigid body motion to billiard problems. The present three-dimensional considerations reveal a richness (in the metric and through the presence of a potential) not encountered in two dimensions. The utility of this equivalence can be recognized in either direction. On the one hand, it is extremely appealing to have physically motivated and even physically realizable examples of billiard problems in higher dimensions. On the other, familiarity with general billiard results can cut through some of the di culties associated with rigid body motion. For example, the wall function for a cube making elastic collisions between parallel walls is everywhere convex and thus provides a strong suggestion that the resulting motion is chaotic. (Since, as noted, there is a non-at metric in this problem, the issue cannot be regarded as completely settled.)
There are several extensions of the present three-dimensional results which could be made. In two and three dimensions we have seen that there is a single billiard problem equivalent to a given rigid body problem. In two dimensions we demonstrated that, for every periodic billiard problem, there exist in nitely many equivalent rigid body problems. (The multiplicity re ects freedom in choosing the separation, h, between the parallel walls which can have any value greater than some h c determined by the shape of the billiard wall.) We expect that this proof can be extended to three dimensions without di culty.
There is no reason to restrict attention to rigid bodies colliding with parallel walls. One can equally well imagine a rigid body rattling inside an in nite cylinder of arbitrary cross-sectional shape or con ned within an arbitrary closed three-dimensional surface. It is expected that these problems can also be mapped uniquely onto billiard problems using arguments similar to those adopted here and in 4]. 
For I x = I y = I z , the above equations reproduce the previous results for the cube, whereas setting I x = I y = 0 give the expressions for the stick.
We can eliminate reference to the angle from the expression for the total energy E by using the equation for L z . This is useful for two reasons. First, at the point of contact, is a symmetry angle since it speci es a nal rotation about the z-axis through the center of mass, and thus cannot alter the height of the center of mass above the wall. Second, L z is a constant of the motion because the impact force is normal to the wall. 
As a consequence of these relations, all reference to derivatives of R disappear in the evaluation of @z=@ and @z=@ , which will be needed below to construct the tangents and normals to the curved billiard wall. Our billiard problem exists in a three-dimensional space given by the coordinates ( ; ; z) which specify the height of the center of mass and the orientation of the body. The center of mass moves between wall surfaces which depend on the orientation of the body. We denote the lower wall as S( ; ; ?z). (The upper wall is displaced by h, re ected, and subject to an evident phase shift). Of course, the and dependence of z must be eliminated via equations (71) 
It can be shown following considerable tedious algebra that these two equations are satis ed. Finally, we prove that the last condition for specular re ection 
